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We construct an SU(3)L × U(1)N gauge model based on an S2L permutation symmetry for left-
handed µ and τ families, which provides the almost maximal atmospheric neutrino mixing and the
large solar neutrino mixing of the LMA type. Neutrinos acquire one-loop radiative masses induced
by the radiative mechanism of the Zee type as well as tree level masses induced by the type II seesaw
mechanism utilizing interactions of lepton triplets with an SU(3)-sextet scalar. The atmospheric
neutrino mixing controlled by the tree-level and radiative masses turns out to be almost maximal
owing to the presence of S2L supplemented by a Z4 discrete symmetry. These symmetries ensure
the almost equality between the νe-νµ and νe-ντ radiative masses dominated by contributions from
heavy leptons contained in the third members of lepton triplets, whose Yukawa interactions conserve
S2L even after the spontaneous breaking. The solar neutrino mixing controlled by radiative masses
including a νµ-ντ mass, which are taken to be the similar order, turns out to be described by large
solar neutrino mixing angles.
PACS numbers: 12.60.-i, 13.15.+g, 14.60.Pq, 14.60.St
Recent observations of atmospheric and solar neutrino oscillations have provided the clear evidence that neutrinos
are massive particles [1, 2, 3]. These oscillations are characterized by the squared mass differences for atmospheric
neutrinos, ∆m2atm ∼ 3 × 10−3 eV2, with the mixing angle of sin2 2θatm ∼ 1 [4] and for solar neutrinos, ∆m2⊙ ∼
10−5 − 10−4 eV2, for the LMA solution with sin2 2θ⊙ ∼ 0.75 and, ∆m2⊙ ∼ 10−8 eV2, for the LOW solution with
sin2 2θ⊙ ∼ 0.92 [3, 5], where the LMA solution is currently considered as the most favorable solution. The existence
of these massive neutrinos and their oscillations requires some new interactions beyond the conventional interactions
in the standard model [6]. Furthermore, the data indicate a mass hierarchy of ∆m2atm ≫ ∆m2⊙ as well as the large
mixing angles, suggesting that the neutrino mass matrix has bimaximal structure [7, 8].
There are two main theoretical mechanisms to generate tiny neutrino masses: one is the seesaw mechanism [9, 10]
and the other is the radiative mechanism [11, 12]. It has been pointed out that the radiative mechanism of the Zee
type [11] may fail to explain the favorable LMA solution [13]. In the Zee model, a Higgs scalar φ′ as a duplicate of
the standard Higgs scalar φ and a singly charged SU(2)L-singlet scalar h
+ have been introduced into the standard
model to generate tiny neutrino masses by one-loop radiative corrections. The neutrino mass matrix in the Zee model
has the following form:
M radν =

 0 brad cradbrad 0 erad
crad erad 0

 , (1)
where brad, crad and erad stand for radiatively induced neutrino masses. There is an obvious relation among the
neutrino masses denoted by m1,2,3, dictating m1 +m2 +m3 = 0, from which the mixing angle for solar neutrinos is
constrained to sin2 2θ⊙ ∼ 1.0 [13]. However, recent observations show that the best-fit value of the mixing angle for
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2the LMA solution is sin2 2θ⊙ ∼ 0.8. Thus, the original Zee model is not capable of explaining neutrino oscillations
compatible with the LMA solution.
To implement the radiative mechanism of the Zee type, we have advocated to use a triplet Higgs scalar in SU(3)L×
U(1)N gauge models [14]. The Zee scalar h
+ is identified with the third member of an SU(3)L-triplet Higgs scalar
and can be unified into a triplet η with the standard Higgs doublet (φ0, φ−). Namely, an SU(3)L-triplet (η
0, η−, η+)
can be interpreted as (φ0, φ−, h+). Therefore, the existence of Zee scalar h+ is naturally understood. Furthermore,
the SU(3)L × U(1)N gauge models are known to exhibit the attractive properties that these models predict three
families of quarks and leptons from the anomaly free conditions on SU(3)L × U(1)N and the asymptotic freedom of
SU(3)c. The anomalies are cancelled by the six triplets and six antitriplets, which are appropriately supplied by three
families of leptons and three families of three colors of quarks. It is remarkable that this cancellation mechanism only
works in the multiple of three families. With this plausible properties, radiative mechanisms to generate tiny masses
of neutrinos and their oscillations have been extensively studied in SU(3)L ×U(1)N gauge models [15, 16]. However,
the possibility of explaining the observed properties of solar neutrino oscillations with sin2 2θ⊙ ∼ 0.8 has not been
emphasized yet.
In this paper, we consider a radiative mechanism of the Zee type in the SU(3)L×U(1)N framework [14] to explain
observed properties of neutrino oscillations consistent with the LMA solution of sin2 2θ⊙ ∼ 0.8. To accommodate the
LMA solution to the radiative mechanism of the Zee type, we have to add some ingredients to the model in order to
avoid the constraint of m1+m2+m3 = 0. For example, we can obtain the desirable LMA solution (1) if we allow the
duplicate Higgs scalar φ′, which is constrained to couple to no leptons in the original Zee model, to couple to leptons
[17], (2) if we implement an S2 permutation symmetry for the µ and τ families with a triplet Higgs scalar [18], (3) if
we import a sterile neutrino into the model [19], and (4) if we make use of (anti) sleptons in supersymmetric gauge
models [20]. In this paper, we examine the phenomena of neutrino oscillations based on the case (2). We show that
1. The almost maximal atmospheric neutrino mixing is ensured by the presence of an S2L permutation symmetry
for the left-handed states in the µ and τ families supplemented by a Z4 discrete symmetry. Especially, in order
to explain the maximal mixing, we do not need fine-tuning of couplings of leptons [21] to the Zee scalar h+,
which is now contained in the third member of a triplet Higgs scalar. Instead, heavy leptons take care of the
relevant couplings, which dynamically assure the appearance of the maximal mixing.
2. The large solar neutrino mixing characterized by sin2 2θ⊙ ∼ 0.8 is realized to occur if the magnitudes of
radiatively induced neutrino masses are kept to be the same order.
In the next section, we present a possible texture of the neutrino mass matrix with S2L and Z4 symmetries to lead
the observed properties of the neutrino mixings and discuss which elements affect the patterns of these mixings. In
Sec.II, we construct an SU(3)L × U(1)N gauge model to accommodate the observed atmospheric and solar neutrino
oscillations. How to generate the neutrino masses and mixings in our model are discussed in Sec.III. The results of
our detailed analysis are discussed in Sec.IV. The final section is devoted to summary.
I. TEXTURE OF THE NEUTRINO MASS MATRIX AND S2L PERMUTATION SYMMETRY
In this section, we discuss the usefulness of the S2L permutation symmetry for µ and τ families. Following the
expressions used in Ref.[18], we parameterize the neutrino mass matrix, Mν , for sin θ13 = 0 with sin θ13 being the
mixing angle between νe and ντ , to be:
Mν =

 a b c(= −σb)b d e
c e f(= d+ (σ−1 − σ)e)

 , (2)
where σ = tan θ23 with θ23 being the mixing angle between νµ and ντ . Similar textures of the neutrino mass matrix
have also been studied in literatures [22, 23, 24]. This mass matrix can be diagonalized by UMNS defined by
UMNS =

 cos θ12 sin θ12 0− cos θ23 sin θ12 cos θ23 cos θ12 sin θ23
sin θ23 sin θ12 − sin θ23 cos θ12 cos θ23

 , (3)
where θ12 = θ⊙ and θ23 = θatm, which transforms |νmass〉 as the mass eigenstate with (m1,m2,m3) into |νweak〉 as
the weak eigenstate by |νweak〉 = UMNS |νmass〉. The neutrino masses and mixing angles can be parameterized to be:
3m1 = a− 1
2
√
b2 + c2
2
(
x+
√
x2 + 8
)
,
m2 = a− 1
2
√
b2 + c2
2
(
x−
√
x2 + 8
)
,
m3 = d+ σ
−2
(
d− a+ x
√
b2 + c2
2
)
,
sin2 2θ⊙ =
8
8 + x2
, tan θatm = −b
c
(≡ σ) (4)
with
x =
√
2(a− d+ σe)2
b2 + c2
. (5)
From Eq.(4) and Eq.(5), we find that the condition to obtain the large mixing angle as the LMA solution such as
sin2 2θ⊙ ∼ 0.8 is x2 = O(1) or equivalently
(a− d+ σe)2 = O(b2 + c2). (6)
There are various solutions to Eq.(6). We adopt the solution saturated by radiative neutrino masses of the same
order. Since both sides must be the same order, the relation of Eq.(6) requires the cancellation of tree-level neutrino
masses if exist.
We divide the neutrino mass matrix into two parts: (1) a tree level mass matrix M treeν and (2) a radiatively induced
mass matrix M radν as follows:
Mν = M
tree
ν +M
rad
ν ,
M treeν =

 0 0 00 dtree σdtree
0 σdtree dtree

 , M radν =

 arad brad cradbrad drad erad
crad erad f rad

 , (7)
where the superscripts, “tree” and “rad”, denote the tree-level and radiative masses, respectively. The form of M treeν
is to be ensured by introducing the S2L permutation symmetry for left-handed states in the µ and τ families. An
additional Z4 discrete symmetry will pick up the solution with either σ = 1 or σ = −1. The form of M treeν with
σ = ±1 leads to the cancellation of the tree-level masses in a − d + σe and Eq.(6) required for sin2 2θ⊙ ∼ 0.8 is
transformed to
(arad − drad + σerad)2 = O((brad)2 + (crad)2). (8)
If the magnitude of these neutrino masses is kept almost the same to satisfy Eq.(8), we obtain the significant deviation
of sin2 2θ⊙ from unity. More precisely, at least one of e − e and µ − τ sectors provides the same order of magnitude
as the e− µ and e− τ masses.
So far, these arguments are entirely based on the relation of f = d+(σ−1−σ)e in Eq.(2). However, since radiatively
generated masses may also randomly contribute in d, e and f , these contributions jeopardize the relation. The effects
from the radiative masses cause sin θ13 6= 0, leading to Ue3 6= 0, and can be estimated by the conventional perturbative
treatment because these effects are much smaller than those from the tree level masses. Denoting the deviation by
ǫ = f − [d+ (σ−1 − σ)e], we parameterize Mν as:
Mν =

 a b −σbb d e
−σb e d+ (σ−1 − σ)e

+

 0 0 00 0 0
0 0 ǫ

 . (9)
4We find that the lepton mixing angles of θ12 and θ23 are modified into θ
obs
12 = θ12 + ξ12 and θ
obs
23 = θ23 + ξ23, where
ξ12 =
s223c12s12
m2 −m1 ǫ, ξ23 = c23s23
(
s212
m3 −m1 +
c212
m3 −m2
)
ǫ, (10)
and
Ue3 = c23s23c12s12
(
1
m3 −m2 −
1
m3 −m1
)
ǫ ∼ c23s23c12s12m2 −m1
m3
ǫ
m3
, (11)
where m3 ≫ m1,2 is applied. Furthermore, since we are anticipating that m2 ±m1 ∼ δmradν representing radiatively
generated neutrino masses, we roughly obtain m2 − m1 ∼
√
∆m2⊙ and similarly m3 ∼
√
∆m2atm, Eq.(11) can be
reduced to
|Ue3| ∼
∣∣∣∣ǫ
√
∆m2⊙
∆m2atm
∣∣∣∣ ∼ a few × ǫ1 eV , (12)
where we have used c12 ∼ s12 ∼ c23 ∼ s23 ∼ 1. Experimentally, the CHOOZ and PALOVERDE data imply that Ue3
is close to zero, e.g., |Ue3|2 ≤ 0.015− 0.05 [25], which should be satisfied by Eq.(11).
II. MODEL
We choose the SU(3)L × U(1)N gauge model employed in Ref.[26] as the reference model, where the leptons are
assigned to be:
ψiL =
(
νi, ℓi, κi
)T
L
: (3, 0) , ℓe,µ,τR : (1,−1) , κe,−,+R : (1, 1) . (13)
Here, the index of i=(e, µ, τ) denotes the three families and κjR for j = (e,−,+) are the mass eigenstates of the
positively charged heavy leptons. The superscripts, ±, of κR correspond to the τ ± µ states of κL as the chiral
partners to be defined by their Yukawa interactions. Higgs scalars are assigned to be:
η =
(
η0, η−, η+
)T
: (3, 0) , ρ =
(
ρ+, ρ0, ρ++
)T
: (3, 1) , χ =
(
χ−, χ−−, χ0
)T
: (3,−1) . (14)
The quantum numbers are specified in parentheses by (SU(3)L, U(1)N). Let N/2 be the U(1)N number, then the
hypercharge Y and the electric charge Q are given by Y = −√3λ8 +N and Q = (λ3 + Y )/2 respectively, where λa
are the Gell-Mann matrices with Tr(λaλb) = 2δab(a, b = 1, 2, ..., 8). The Higgs scalars develop the following vacuum
expectation values (VEV’s):
〈0|η|0〉 = (vη, 0, 0)T , 〈0|ρ|0〉 = (0, vρ, 0)T , 〈0|χ|0〉 = (0, 0, vχ)T , (15)
where the orthogonal choice of these VEV’s will be guaranteed by the ηρχ type Higgs interactions introduced in
Eq.(23).
Now, we extend the reference model to our present SU(3)L ×U(1)N model in order to accommodate the maximal
atmospheric and large solar neutrino mixings. We introduce an S2L permutation symmetry for left-handed states
in the µ and τ families used together with an additional Z4 discrete symmetry. The quantum numbers of S2L and
Z4 as well as the lepton (L) and the electron (Le) numbers are listed in Table I for all participating particles in our
discussions, where ψ±L = (ψ
τ
L ± ψµL)/
√
2. To generate the tree level neutrino masses, we introduce an S2L-symmetric
anti-sextet scalar, s, defined by
s =

 s0ν s+ s−s+ s++ s0ℓ
s− s0ℓ s
−−

 : (6∗, 0) . (16)
5Then, the S2- and Z4-conserved interaction of
g+s (ψ
−
Lα)
csαβψ−Lβ , (17)
accounts for the form of M treeν with σ = −1, where α, β and γ denote the SU(3)L indices. We also introduce
S2L-antisymmetric scalars
η′ = (η′0, η′−, η′+)T : (3, 0), ρ′ = (ρ′+, ρ′0, ρ′++)T : (3, 1) (18)
with VEV’s of
〈0|η′|0〉 = (vη′ , 0, 0)T , 〈0|ρ′|0〉 = (0, vρ′ , 0)T . (19)
These VEV’s are also determined by the appropriate Higgs interactions. The scalar η′ allows us to realize the
radiatively induced νµ-ντ masses by the interaction of
fµτ ǫ
αβγ(ψ+Lα)
cη′βψ
−
Lγ , (20)
and the scalar ρ′ allows us to realize the mass hierarchy of mµ ≪ mτ as we show later.
It should be noted that all of these interactions respect the Le conservation. Furthermore, it is not spoiled by the
spontaneous breaking due to VEV’s of Higgs scalars as can be seen from Table I. This Le conservation is, of course,
broken by the presence of the νe-νµ and νe-ντ masses, which are radiatively induced by the interactions of
feℓǫ
αβγ(ψeLα)
cηβψ
+
Lγ . (21)
As a result, Le is conserved in all S2- and Z4-invariant Yukawa interactions except feℓ(ψeL)
c
ηψ+L , which can be read off
from Table II, where the S2L, Z4, L and Le numbers of the possible Yukawa interactions are listed. This Le-violating
interaction can be much suppressed because the limit of feℓ → 0 enhances the symmetry of the theory through the
restoration of Le [27]. Another useful symmetry based on L
′(= 2Le−L = Le−Lµ−Lτ ) [28], respected by all Yukawa
interactions including (ψeL)
cηψ+L , is to be spontaneously broken. But, it is explicitly broken by Higgs interactions such
as ηsη in Eq.(23) (see Table III). So, there is no harmful Nambu-Goldstone boson. In the present discussions, we do
not resort to this L′ symmetry because the Le- and S2L-conservations supersede the L
′-conservation.
The Yukawa interactions for leptons are now caused by LY :
− LY = feℓ(ψeL)cηψ+L + fµτ
(
ψ+L
)c
η′ψ−L + g
+
s
(
ψ−L
)c
sψ−L
+feψeLρeR + ψ
+
Lρ(f
+
µ µR + f
+
τ τR) + ψ
−
L ρ
′(g−µ µR + g
−
τ τR)
+feκψ
e
Lχκ
e
R + f
+
κ ψ
+
Lχκ
+
R + g
+
κ ψ
−
Lχκ
−
R + (h.c.), (22)
where f ’s and g’s denote the Yukawa couplings. The Higgs interactions are given by Hermitian terms composed of
φ†αφβ (φ = η, η
′, ρ, ρ′, χ, s) and by non-Hermitian terms in
V = µ1ηsη + µ2η
′sη′
+ λ1ǫ
αβγηαρβχγ + λ2ǫαβγ(ηs)
αρ†βχ†γ + λ3(η
†ρ′)(η′†χ) + λ4(η
†χ)(η′†ρ′) + (h.c.), (23)
where µ’s and λ’s denote a mass scale and coupling constants, respectively. We note that
• the ηsη and η′sη′ terms are the source of the type II seesaw mechanism [10], which calls for the mass of s much
greater than vweak, the weak scale of O(100) GeV,
• The s0ℓ -term of Eq.(16) would induce the dangerous mass-mixings between charged leptons and heavy leptons
if 〈0|s0ℓ |0〉 6= 0. This VEV will be dynamically generated if the potential includes terms such as (ρs)ρ†η†
and (χs)χ†η†, effectively corresponding to tadpole interactions of s0ℓ once VEV’s of η, ρ and χ are generated.
However, our dynamics regulated by the present potential allows us to set this VEV to vanish. So, there are no
such dangerous mixings.
6• the ηρχ term ensures the orthogonal choice of VEV’s of η, ρ and χ,
• the |η†η′|2- and |ρ†ρ′|2-type Higgs interactions present in the Hermitian terms can induce the correct vacuum
alignment of Eq.(19) if their coefficients are taken to be negative.
These Higgs interactions are invariant under S2L with Z4 as well as Le and other interactions are forbidden by these
conservations as shown in Table III. Especially, the absence of ηηscsc is important. This term could yield a divergent
mass term of νe-νe at the two-loop level as shown in FIG.1; therefore, the tree level mass term is required as a counter
term at the (1, 1) entry in the M treeν to cancel the divergent. However, this counter term spoils the realization of the
texture of M treeν . The requirements from S2L and Z4 ensure the internal consistency between the assumed form of
M treeν and the absence of this radiative graph.
In the present article, we do not discuss phenomenology due to the existence of heavy leptons and extra gauge bosons
as well as heavy exotic quarks [29]. Since the standard model well describes the current physics, their contributions
should be suppressed. Their masses are controlled by the VEV of χ, which is taken to be O(1) TeV for the later
analyses so that these additional contributions are sufficiently suppressed.
Before discussing how to describe atmospheric and solar neutrino oscillations in our model, we examine the form
of mass matrices of the heavy leptons and charged leptons given by Eq.(22). The heavy lepton mass matrix is simply
given by the diagonal masses computed to be meκ = f
e
κvχ, m
−
κ = g
+
κ vχ and m
+
κ = f
+
κ vχ. On the other hand, the
charged lepton mass matrix has the following non-diagonal form:
Mℓ =

 meeℓ 0 00 mµµℓ mµτℓ
0 mτµℓ m
ττ
ℓ

 , (24)
where
meeℓ = fevρ,
mµµℓ =
1√
2
(f+µ vρ − g−µ vρ′ ), mµτℓ =
1√
2
(f+τ vρ − g−τ vρ′),
mτµℓ =
1√
2
(f+µ vρ + g
−
µ vρ′ ), m
ττ
ℓ =
1√
2
(f+τ vρ + g
−
τ vρ′). (25)
The diagonal masses are obtained after the transformation of Mℓ as M
diag
ℓ = diag.(me,mµ,mτ ) = U
†
ℓMℓVℓ, where
unitary matrices Uℓ and Vℓ are given by
Uℓ =

 1 0 00 cα sα
0 −sα cα

 , Vℓ =

 1 0 00 cβ sβ
0 −sβ cβ

 (26)
with cα = cosα, etc., defined by
cα =
√
(mττℓ )
2 + (mτµℓ )
2 −m2µ
m2τ −m2µ
, sα =
√
−(mττℓ )2 − (mτµℓ )2 +m2τ
m2τ −m2µ
,
cβ =
√
(mττℓ )
2 + (mµτℓ )
2 −m2µ
m2τ −m2µ
, sβ =
√
−(mττℓ )2 − (mµτℓ )2 +m2τ
m2τ −m2µ
. (27)
The diagonal masses are computed to be:
m2e = (m
ee
ℓ )
2,
m2µ =
1
2
[
(mττℓ )
2 + (mµµℓ )
2 + (mτµℓ )
2 + (mµτℓ )
2 −M2] ,
m2τ =
1
2
[
(mττℓ )
2 + (mµµℓ )
2 + (mτµℓ )
2 + (mµτℓ )
2 +M2
]
, (28)
where
M4 =
[
(mττℓ )
2 − (mµµℓ )2
]2
+
[
(mτµℓ )
2 − (mµτℓ )2
]2
+2(mττℓ m
µτ
ℓ +m
µµ
ℓ m
τµ
ℓ )
2 + 2(mττℓ m
τµ
ℓ +m
µµ
ℓ m
µτ
ℓ )
2. (29)
7There are the following relations for non-diagonal and diagonal charged lepton masses:
mµµℓ = S
2mτ + C
2mµ, m
ττ
ℓ = C
2mτ + S
2mµ,
mµτℓ =
1
c2β − s2α
[
(cαsαC
2 − cβsβS2)mτ − (cβsβC2 − cαsαS2)mµ
]
,
mτµℓ =
1
c2β − s2α
[
(cβsβC
2 − cαsαS2)mτ − (cαsαC2 − cβsβS2)mµ
]
, (30)
where C2 and S2 are defined by
C2 =
c2α + c
2
β
2
, S2 =
s2α + s
2
β
2
. (31)
We use the hierarchical conditions of |sα|, |sβ | ≪ 1 to realize the hierarchical mass pattern of mµ ≪ mτ , namely,
mµµℓ ≪ mττℓ . This hierarchy in turn requires that
|f+µ | /|f+τ | ∼ |g−µ |/|g−τ | ∼ mµ/mτ , f+µ vρ ∼ −g−µ vρ′ , f+τ vρ ∼ g−τ vρ′ . (32)
We consider that the fine-tuning of the charged lepton masses of Eq.(32) is the same level of the fine-tuning in the
standard model. To explain their hierarchical structure needs some other mechanisms, which we do not consider in
this paper. We only consider the permutation symmetry as a new symmetry behind neutrino oscillations once the
charged lepton masses are consistently reproduced.
It should be noted that our model induces dangerous flavor-changing interactions such as τ → µγ, µµµ, µeemediated
by η. In addition, the existence of ρ and ρ′ also induces these flavor-changing interactions because the charged leptons
can simultaneously couple to two Higgs scalars, ρ and ρ′ [30]. Since the approximate Le conservation is satisfied by our
interactions, all Le-changing flavor interactions such as µ→ eγ including those mediated by η can be well-suppressed.
The ρ- and ρ′-interactions are also found to be suppressed down to the phenomenologically acceptable level. The
branching ratios of these processes are taken from Ref.[31]:
• B(τ → µγ) = Γ(τ → µγ)/Γ(τ → all) < 1.1× 10−6,
• B(τ → µµµ) = Γ(τ → µµµ)/Γ(τ → all) < 1.9× 10−6,
• B(τ → µee) = Γ(τ → µee)/Γ(τ → all) < 1.7× 10−6,
where Γ(τ → all) (< 2.3× 10−12 [GeV]) denotes the total decay width and Γ(τ → µγ), Γ(τ → µµµ) and Γ(τ → µee)
denote the decay widths of τ → µγ, τ → µµµ and τ → µee processes, respectively. These decay widths are calculated
to be, in the α→ 0 limit,
Γ(τ → µγ) = αemm
5
τ
962π4m4ρ
(f+µ )
4 + (g−µ )
4 + (f+τ f
+
µ )
2 + (g−τ g
−
µ )
2
4
,
Γ(τ → µµµ) = 1
4
1
8
m5τ
192π3m4ρ
(f+µ )
4 + (g−µ )
4
4
,
Γ(τ → µee) = 1
4
1
8
m5τ
192π3m4ρ
(f+µ fe)
2
4
, (33)
where αem is the fine-tuning constant and mρ is the averaged mass for ρ and ρ
′. By using Eq.(25) and Eq.(33) to
relate the couplings to the charged lepton masses, we obtain the following constraints on the processes of τ → µγ,
τ → µµµ and τ → µee, respectively:
m2µ(m
2
τ +m
2
µ)
8m4ρv
4
ρ
< 1.74× 10−11 [GeV−4], (34)
m4µ
8m4ρv
4
ρ
< 4.70× 10−14 [GeV−4],
m2µm
2
e
4m4ρv
4
ρ
< 4.20× 10−14 [GeV−4],
8where we have used vρ = v
′
ρ for simplicity. We, then, find that
1. for the τ → µγ process mediated by ρ, ρ′, mρvρ > 2.04× 102 [GeV2] from B(τ → µγ) < 1.1× 10−6,
2. for the τ → µµµ process mediated by ρ, ρ′, mρvρ > 1.28× 102 [GeV2] from B(τ → µµµ) < 1.9× 10−6,
3. for the τ → µee process mediated by ρ, mρvρ > 7.69 [GeV2] from B(τ → µee) < 1.7× 10−6.
Since we are anticipating that mρ,ρ′ ∼ vρ,ρ′ ∼ vweak is natural because ρ and ρ′ are related to the weak boson masses,
thus these flavor-changing interactions are sufficiently suppressed.
The other interactions mediated by η′ cause extra contributions on τ− → µ−νµντ , which is well described by the
weak-boson-exchanges, and other flavor-changing modes induced by effects of sinα 6= 0 as well as sinβ 6= 0. These
contributions may not be suppressed in practice; however, they become tiny because the coupling of η′ to leptons is
taken to be the same order of that of η in the later discussions.
III. NEUTRINO MASSES AND OSCILLATIONS
Now, we are at the stage to estimating the neutrino masses and mixings in our model. The neutrino mass matrix
is given by
Mν = M
tree
ν +M
rad
ν (35)
where M treeν for the tree level mass matrix and M
rad
ν for the radiative mass matrix are parameterized by
M treeν =

 0 0 00 1 −1
0 −1 1

mtreeν , M radν =

 δmeeν δmeµν δmeτνδmeµν δmµµν δmµτν
δmeτν δm
µτ
ν δm
ττ
ν

 . (36)
The tree-level mass is calculated to be mtreeν = g
+
s vs, which is supplied by the interaction of g
+
s
(
ψ−L
)c
sψ−L via the
type II seesaw mechanism [10] using the ηsη and η′sη′ as already mentioned. The smallness of the tree level neutrino
masses is explained by the smallness of the vs, which is estimated to be vs ∼
(
µ1v
2
η + µ2v
2
η′
)
/(2m2s), leading to
vs ≪ vη,η′ ∼ vweak for µ1,2 ∼ ms ≫ vη,η′ . The radiatively generated masses of δmν ’s are calculated below. To do so,
we further divide M radν into two parts:
M radν = M
C
ν +M
H
ν , (37)
where MCν and M
H
ν correspond to the charged lepton mediated one-loop diagrams (FIG.2) and the heavy lepton
mediated one-loop diagrams (FIG.3), respectively. There are other possible loop diagrams of FIG.4; however, the
contributions from these diagrams are well suppressed by the large mass (≫ vweak) arising from the propagator of s.
Since our charged lepton mass matrix is transformed into Mdiagℓ = diag.(me,mµ,mτ ) = U
†
ℓMℓVℓ, the neutrino mass
matrix, Mν , is also transformed into a matrix spanned by the weak base, M
weak
ν , defined by
Mweakν ≡ U †ℓMνUℓ = (M treeν )weak + (MCν )weak + (MHν )weak (38)
with (Maν )
weak = U †ℓM
a
νUℓ, where a stands for tree, C and H .
The mass matrix (M treeν )
weak is simply given by:
(M treeν )
weak =

 0 0 00 (cα + sα)2 −c2α + s2α
0 −c2α + s2α (cα − sα)2

mtreeν . (39)
At a first glance, this deviation due to sinα 6= 0 may yield Ue3 through ǫ 6= 0 as in Eq.(11), which is given by
ǫ=(cα − sα)2 − [(cα + sα)2 + (σ−1 − σ)(−c2α + s2α)]. However, one observes that ǫ=0 for any values of sinα by the
use of σ to be obtained in Eq.(52) from heavy lepton contributions, which will be found to much dominate over the
corresponding charged lepton contributions. We safely state that the tree level contributions to Ue3 are negligible.
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weak induced by the charged lepton exchanges is expressed as
(MCν )
weak =

 δmCeeν δmCeµν δmCeτνδmCeµν δmCµµν δmCµτν
δmCeτν δm
Cµτ
ν δm
Cττ
ν

 =

 2δCeeν δCeµν + δCµeν δCeτν + δCτeνδCeµν + δCµeν 2δCµµν δCµτν + δCτµν
δCeτν + δC
τe
ν δC
µτ
ν + δC
τµ
ν 2δC
ττ
ν

 , (40)
where δCijν (i, j = e, µ, τ) denotes the radiatively induced neutrino masses corresponding to FIG.2:
δCijν =
(
U †ℓ fℓUℓM
diag
ℓ V
†
ℓ gℓFℓUℓ
)ij
, (41)
which can be calculated as
fℓ =

 0 λ4feµ/2 λ4feτ/2−λ4feµ/2 0 λ3fµτ
−λ4feτ/2 −λ3fµτ 0

 , gℓ = 1√
2


√
2fe 0 0
0 −g−µ −g−τ
0 g−µ g
−
τ

 , (42)
Fℓ = vηvχ

 F (m2e,m2η,m2ρ) 0 00 F (m2µ,m2η,m2ρ) 0
0 0 F (m2τ ,m
2
η,m
2
ρ)

 ≡ vηvχ

 F eℓ 0 00 Fµℓ 0
0 0 F τℓ

 (43)
with
F (x, y, z) =
1
16π2
[
x ln x
(x− y)(x− z) +
y ln y
(y − x)(y − z) +
z ln z
(z − y)(z − x)
]
. (44)
After some calculations, we obtain:
δCeeν = 0,
δCeµν =
1
2
λ4vηvχ
[
mµ(cαfeµ − sαfeτ )(−g−µ cαcβFµℓ + g−τ sαcβF τℓ − g−µ cαsβFµℓ + g−τ sαsβF τℓ )
+mτ (sαfeµ + cαfeτ )(−g−µ cαsβFµℓ + g−τ sαsβF τℓ + g−µ cαcβFµℓ − g−τ sαcβF τℓ )
]
,
δCeτν =
1
2
λ4vηvχ
[
mµ(cαfeµ − sαfeτ )(−g−µ sαcβFµℓ − g−τ cαcβF τℓ − g−µ sαsβFµℓ − g−τ cαsβF τℓ )
+mτ (sαfeµ + cαfeτ )(−g−µ sαsβFµℓ − g−τ cαsβF τℓ − g−µ sαcβFµℓ − g−τ cαcβF τℓ )
]
,
δCµeν =
1√
2
λ4fevηvχme(−cαfeµ + sαfeτ )F eℓ ,
δCµµν =
1√
2
λ3fµτvηvχmτ (−g−µ cαsβFµℓ + g−τ sαsβF τℓ + g−µ cαcβFµℓ − g−τ sαcβF τℓ ),
δCµτν =
1√
2
λ3fµτvηvχmτ (−g−µ sαsβFµℓ − g−τ cαsβF τℓ − g−µ sαcβFµℓ − g−τ cαcβF τℓ ),
δCτeν =
1√
2
λ4fevηvχme(−sαfeµ − cαfeτ )F eℓ ,
δCτµν = −
1√
2
λ3fµτmµ(−g−µ cαcβFµℓ + g−τ sαcβF τℓ − g−µ cαsβFµℓ + g−τ sαsβF τℓ ),
δCττν = −
1√
2
λ3fµτvηvχmµ(−g−µ sαcβFµℓ − g−τ cαcβF τℓ − g−µ sαsβFµℓ − g−τ cαsβF τℓ ).
(45)
For the heavy lepton contributions, we take into account the rotation from the mass eigenstates |ψe, ψ−, ψ+〉
(appearing in the calculations) to the flavor eigenstates |ψe, ψµ, ψτ 〉 (appearing in the neutrino mass matrix) by
introducing S as |ψe, ψ−, ψ+〉 = S|ψe, ψµ, ψτ 〉. The mass matrix of (MHν )weak is, then, computed to be:
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(MHν )
weak =

 δmHeeν δmHeµν δmHeτνδmHeµν δmHµµν δmHµτν
δmHeτν δm
Hµτ
ν δm
Hττ
ν

 =

 2δHeeν δHeµν + δHµeν δHeτν + δHτeνδHeµν + δHµeν 2δHµµν δHµτν + δHτµν
δHeτν + δH
τe
ν δH
µτ
ν + δH
τµ
ν 2δH
ττ
ν

 , (46)
where δHijν (i, j = e, µ, τ) denotes the radiatively induced neutrino masses corresponding to FIG.3, which can be
calculated as
δHijν =
(
U †ℓ S
†fℓM
diag
κ fκFκSUℓ
)ij
, (47)
where
fℓ =

 0 0 λ3feℓ/20 0 −λ4fµτ
−λ3feℓ/2 λ4fµτ 0

 , fκ =

 feκ 0 00 g+κ 0
0 0 f+κ

 , (48)
Fκ = vηvρ

 F ((meκ)2,m2η,m2χ) 0 00 F ((m−κ )2,m2η,m2χ) 0
0 0 F ((m+κ )
2,m2η,m
2
χ)

 ≡ vηvρ

 F eκ 0 00 F−κ 0
0 0 F+κ

 , (49)
Mdiagκ =

 meκ 0 00 m−κ 0
0 0 m+κ

 , S = 1√
2


√
2 0 0
0 −1 1
0 1 1

 . (50)
After some calculations, we obtain:
δHeeν = 0,
δHeµν =
1√
2
(cα − sα)λ3feℓvηvρf+κ m+κ F+κ ,
δHeτν =
1√
2
(cα + sα)λ3feℓvηvρf
+
κ m
+
κ F
+
κ ,
δHµeν = −
1√
2
(cα − sα)λ3feℓvηvρfeκmeκF eκ ,
δHµµν =
1
2
(c2α − s2α)λ4fµτvηvρ(f+κ m+κ F+κ − g+κm−κ F−κ ),
δHµτν =
1
2
λ4fµτvηvρ
[
(cα + sα)
2f+κ m
+
κ F
+
κ + (cα − sα)2g+κm−κ F−κ
]
,
δHτeν = −
1√
2
(cα + sα)λ3feℓvηvρf
e
κm
e
κF
e
κ ,
δHτµν =
1
2
λ4fµτvηvρ
[−(cα − sα)2f+κ m+κ F+κ − (cα + sα)2g+κm−κ F−κ ] ,
δHττν = −δHµµν . (51)
There are two contributions from (MCν )
weak and (MHν )
weak to radiatively induced neutrino masses. For νe-νµ
and νe-ντ contributions, the contributions from (M
C
ν )
weak are found to be always much smaller than those from
(MHν )
weak. In this case, there is a relation of
σ = −1 + tanα
1− tanα (52)
calculated from Eq.(51), leading to
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sin2 2θatm = 4
σ2
(1 + σ2)2
. (53)
To see how neutrino masses and mixings arise, we discuss the simplest case with sinα = 0, where the charged-
lepton contributions are neglected. The full estimation including the case of sinα 6= 0 is to be preformed by numerical
calculations, where the charged-lepton contributions are properly taken into account. The neutrino mass matrix turns
out to be:
Mweakν =

 0 Heµν HeτνHeµν mtreeν +Hµµν −mtreeν
Heτν −mtreeν mtreeν +Hττν

 , (54)
where Hµτν is absent because of H
µτ
ν = δH
µτ
ν + δH
τµ
ν = 0 for sinα = 0, and
Heµν = H
eτ
ν =
λ3feℓvηvρ
2vχ
[
(m+κ )
2F ((m+κ )
2,m2η,m
2
χ)− (meκ)2F ((meκ)2,m2η,m2χ)
]
,
Hµµν = −Hττν =
λ4fµτvηvρ
vχ
[
(m+κ )
2F ((m+κ )
2,m2η,m
2
χ)− (m−κ )2F ((m−κ )2,m2η,m2χ)
]
, (55)
where m+κ=f
+
κ χ and m
e
κ=f
e
κχ are used to eliminate fκ’s. These structures are simply explained by the form of
effective operators. The equation of Heµν = H
eτ
ν is due to the appearance of ψ
e
Lψ
+
L giving rise to νeνµ + νeντ while
that of Hµµν = −Hττν is due to the appearance of ψ−Lψ+L giving rise to ντντ − νµνµ. This direct correspondence of
the signs of the mass terms is partially owing to the S2L-conserved heavy lepton interactions with χ even after the
spontaneous breaking. Then, our mass matrix of Eq.(2) has the following mass parameters:
a = 0, b = Heµν , c = H
eµ
ν , d = m
tree
ν +H
µµ
ν ,
e = −mtreeν , f = mtreeν −Hµµν . (56)
From these mass parameters, we find that our model naturally derives the maximal atmospheric neutrino mixing
because σ = −c/b = −1. We mention that, in the original Zee model, the fine-tuning of lepton number violating
couplings, which is characterized by “inverse hierarchy” in the couplings such as feτm
2
τ ∼ feµm2µ [21] is necessary to
yield bimaximal mixing structure. However, in our SU(3)L × U(1)N case, the bimaximal structure is caused by the
dominance of the heavy lepton contributions. Also, we find that our model is capable of explaining the large solar
neutrino mixing with sin2 2θ⊙ ∼ 0.8 because Hµµν = O(Heµµ ) is a reasonable expectation for feµ ∼ fµτ , λ3 ∼ λ4 and
meκ ∼ m−κ . We then observe that, in the case of sinα = 0,
1. The appearance of the maximal atmospheric neutrino mixing is ensured by the contributions characterized by
Heµν = H
eτ
ν . It is mainly because the heavy lepton interactions with χ respects S2L even after the spontaneous
breaking, which ensures Heµν = H
eτ
ν giving δm
Heµ
ν = δm
Heτ
ν by µ↔ τ as noted.
2. The deviation from the maximal solar neutrino mixing is due to the contributions characterized by Hµµν ∼ Heµν ,
which roughly suggests that m−κ ∼ meκ.
The (suppressed) charged lepton contributions of Eq.(45) give, for sinα = 0 together with sinβ = 0, the relevant
radiative masses of δmCeµ,eτν to be:
δmCeµν (= δC
eµ + δCµe) ≈ 1
2
λ4feτg
−
µ vηvχmτF
µ
ℓ ,
δmCeτν (= δC
eτ + δCτe) ≈ −1
2
λ4feτg
−
τ vηvχmτF
τ
ℓ . (57)
Because Fµℓ ∼ F τℓ for m2η ∼ m2ρ ≫ m2e,µ,τ , we observe from Eq.(32) that |δmCeµν /δmCeτν | ≈ |g−µ /g−τ | ∼ mµ/mτ . This
relation disfavors the maximal atmospheric mixing. In order to estimate the effects of sinα 6= 0, we next perform
numerical estimation including these charged lepton contributions.
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IV. ESTIMATION OF NEUTRINO MASSES
In this section, to see whether our model can really reproduce the (nearly) maximal atmospheric neutrino mixing
of sin2 2θatm ∼ 1.0 and the LMA solution with sin2 2θ⊙ ∼ 0.8, we now perform the numerical calculations for
sinα = 0.0, 0.1, 0.2. We take the following assumptions on the magnitudes of various parameters:
1. Since vη,η′ and vρ,ρ′ are related to weak boson masses proportional to v
2
weak =
∑
all v
2
Higgs, we put vη = vη′ =
vweak/20, vρ = vρ′ = vweak/
√
2 where vweak = (2
√
2GF )
−1/2 = 174 GeV.
2. vχ is a source of masses for the heavy leptons, exotic quarks and exotic gauge bosons. Also χ is the key field for
the symmetry breaking of SU(3)L×U(1)N → SU(2)L×U(1)Y , leading to vχ ≫ vweak and we put vχ = 10vweak.
3. The masses of the triplet Higgs scalars η, η′, ρ, ρ′ are set to be mη = mη′ = mρ = mρ′ = vweak and the mass of
χ is set to be mχ = vχ.
4. The mass of heavy lepton, κe, is taken to be meκ = 2 TeV and the masses of κ
± are varied within the range of
1.0 TeV ≤ m±κ ≤ 10.0 TeV.
5. In order to realize the observed value of ∆m2atm = 3.0 × 10−3eV2 by the type II seesaw mechanism, we take
ms = 4.6×109vweak with g+s = e in Eq.(22) and µ1 = µ2 = ms in Eq.(23), where e stands for the electromagnetic
coupling.
6. The couplings fij(i, j = e, µ, τ) and λ3,4 are taken to favor the large solar neutrino mixing angle, where feℓ =
1.0 × 10−8 and fµτ = feℓ/2 together with λ3 = λ4(= 0.3) to focus m−κ ∼ meκ. The smallness of the Yukawa
couplings feℓ is taken to be ”natural” because the limit of feℓ → 0 enhances the symmetry of the theory, Le
symmetry, as mentioned above.
It may be helpful to list these parameter values, which are summarized in TABLE IV. We note again that
• vη,η′,ρ,ρ′ are so chosen to reproduce weak boson masses,
• vχ is so chosen to give larger masses of at least 1 TeV to exotic particles,
• the masses of η, η′, ρ, ρ′, χ are so chosen near these VEV’s,
• the tiny value of feℓ enjoys the t’Hooft’s ”naturalness”.
These values are selected by the considerations within the SU(3)L × U(1)N framework. On the other hand, the
remaining parameters are taken to accommodate the current neutrino observation data, e.g.,
• the mass of the sextet scalar s and the related couplings g+s , µ1,2 are so chosen to reproduce ∆m2atm via the type
II seesaw mechanism,
• feℓ,µτ and λ3,4 are so chosen to satisfy λ3feℓ/2 = λ4fµτ (to enhance m−κ ∼ meκ) for the large solar neutrino
mixing as in Eq.(55).
After taking these values, we have me,±κ as the free parameters. For the present analysis, we show various results
with meκ=2 TeV because the essence of our analysis is not altered for other similar values of m
e
κ. Now, our aim in
this section is to give the numerical demonstration that our model with these parameters can really reproduce the
observed neutrino oscillation data.
For the sake of simplicity, we choose β = α to estimate the charged lepton contributions of Eq.(45). We search the
allowed region, where the following conditions
1. ∆m2atm = (3.0± 0.01)× 10−3 eV2 for atmospheric neutrino oscillations,
2. sin2 2θ⊙ = 0.6− 0.8 for solar neutrino oscillations,
are satisfied. The allowed region is selected by imposing the constraints of ∆m2⊙ ∼ 10−5− 10−4 eV2 and sin2 2θobsatm ∼
0.9− 1.0 for θobsatm = θatm + ξ23 as in Eq.(10). Note that, for the heavy lepton contributions alone, sin2 2θatm ≥ 0.9 is
found to yield sinα ≤ 0.16 from Eq.(53).
The nearly maximal atmospheric neutrino mixing, sin2 2θobsatm >∼ 0.9, is naturally realized as shown in FIG.5 with
sinα <∼ 0.1. This is because the heavy lepton contributions provides δmeµν ∼ δmeτν dominated by the S2L-preserving
contributions. Although the charged lepton contributions generate δmCeµν /δm
Ceτ
ν ∼ mµ/mτ , which spoils the presence
13
of the maximal atmospheric neutrino mixing, these contributions turn out to be much suppressed as shown in FIG.6.
The radiative masses of δmeµν and δm
eτ
ν are essentially controlled by heavy lepton contributions, providing the (almost)
maximal atmospheric neutrino mixing.
The large solar neutrino mixing calls for the similar magnitude of the radiatively induced neutrino masses. Namely,
at least one of δmµµ,µτ,ττν is the same order of magnitude as δm
eµ,eτ
ν . This condition is found to be realized by the
appearance of m−κ confined around 3−4 TeV as shown in FIG.7, where the allowed region of m±κ is examined. This
behavior of m−κ reflects the naive expectation of m
−
κ ∼ meκ for sinα = 0. In this region, the relevant radiatively
induced neutrino masses are kept almost the same as shown in FIG.8 evaluated at sinα = 0 for demonstration. Thus,
the large solar neutrino mixing is indeed possible to occur owing to the condition of Eq.(6) and sin2 2θobs⊙ = 0.67−0.98
corresponding to
tan2 θobs⊙ = 0.27− 0.75 (58)
are obtained because of the positive corrections by ξ12 in θ
obs
⊙ = θ⊙ + ξ12. This region lies within the experimentally
allowed region of tan2 θ⊙ = 0.24 − 0.89 [5]. As shown in FIG.9, the deviations of ξ’s remain suppressed to be:
ξ12(23)/θ12(23) ∼ 0.1 for sinα<∼ 0.1; however, in the region of sinα>∼ 0.1, these deviations become larger than O(0.1) of
the original mixing angles, whose magnitudes may exceed the perturbative regime, where these deviations have been
calculated. Hereafter, we do not specify the superscript of obs. These deviations shift the mixing angles upwards.
The charged lepton contributions present in the radiative masses of δmµµ,µτ,ττν give favorable effects on sin
2 2θ⊙
that reduce the magnitude of sin2 2θ⊙ from unity. So, we need not worry about the charged lepton contributions on
these three masses. The effects of the charged lepton contributions in the µ-τ sector arise in the magnitude of Ue3,
which is shown in FIG.10. Further shown in FIG.11 is the sum of the charged lepton and heavy lepton contributions
to Ue3, which turns out to be smaller than the experimental upper bound.
Finally, in FIG.12 and FIG.13, we, respectively, show the neutrino mass eigenvalues and the squared mass differences
∆m2atm and ∆m
2
⊙. These observations show that our model has the capability of explaining the observed properties
of the atmospheric neutrino oscillations and the solar neutrino oscillations with the LMA solution of sin2 2θ⊙ ∼ 0.8.
These results reflect the following general property of our model. The heavy lepton interactions with the Higgs scalar
of χ conserve S2L even after χ develops a VEV. Therefore, the heavy lepton contributions enhance the S2L-conserved
property of σ = −1 and Ue3 = 0. The appearance of the larger values of sinα indicates that more contributions from
charged leptons are imported. Since charged leptons are admixtures of the S2L-symmetric and -antisymmetric states,
which also affect the heavy lepton states, the deviation from σ = −1 and Ue3 = 0 becomes significant. Especially,
sin2 2θatm gets reduced. In the present case, the region for sinα >∼ 0.1 is excluded. The result of Ue3 can be explained
by the simple estimate of Eq.(12). Since the tree level contributions to Ue3 are negligible, Ue3 arises from the radiative
contributions, which amount to ǫ ∼ δmradν ∼ 0.005 eV (as in FIG.8). We find that Ue3(∼ a few × ǫ) ∼ 0.01 − 0.02,
which coincides with the result of FIG.11 for sinα <∼ 0.1.
V. SUMMARY
Summarizing our discussions, we have constructed an SU(3)L×U(1)N gauge model with the lepton triplets of (νi,
ℓi, κi) for i = e, µ, τ , where κi represents positively charged heavy leptons, that provides the LMA solution for the
solar neutrino problem compatible with sin2 2θ⊙ ∼ 0.8. The neutrino masses arise from the tree level neutrino masses
induced by the type II seesaw mechanism based on the interactions of lepton triplets with an SU(3)-sextet scalar
and from the one-loop level masses induced by the Zee type mechanism. The almost maximal atmospheric neutrino
mixing and the large solar neutrino mixing are naturally explained by the following mechanisms:
1. The atmospheric neutrino mixing controlled by the tree level masses and by the radiatively induced masses
turns out to be almost maximal because of the presence of an S2L permutation symmetry for left-handed µ and
τ families with a Z4 discrete symmetry. The bimaximal structure is caused by almost degeneracy between δm
eµ
ν
and δmeτν . This degeneracy is assured to occur as a result of our dynamics of the heavy lepton interactions
respecting S2L. The suppressed charged lepton contributions are characterized by δm
Ceµ
ν /δm
Ceτ
ν ∼ mµ/mτ .
2. The large solar neutrino mixing is caused by generating the almost same contributions of the radiatively induced
neutrino masses, which just call for the approximate equality of fµτ = O(feℓ).
By performing numerical calculations, we have found that our model has solutions of ∆m2atm ∼ 3.0×10−3 eV2 with
the nearly maximal mixing with sin2 2θatm>∼0.9 for atmospheric neutrino oscillations and ∆m
2
⊙ ∼ 2.0−4.0×10−5 eV2
with sin2 2θ⊙ = 0.67−0.98, corresponding to tan2 θ⊙ = 0.27−0.75, for solar neutrino oscillations. The presence of the
charged lepton mixing angle α leads to the deviation of sin2 2θatm = 1.0 and to the appearance of the non-vanishing
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Ue3. We have estimated sin
2 2θatm and Ue3 in the three cases of sinα = 0.0, 0.1, 0.2. It turns out that sin
2 2θatm >∼ 0.9
is obtained for sinα <∼ 0.1 and Ue3 is kept sufficiently smaller than the experimental upper bound.
Finally, we note again that the Yukawa interactions of the heavy leptons with χ conserve S2L even after the
spontaneous breaking. Therefore, if there are only contributions from heavy leptons, the appearance of the maximal
atmospheric neutrino mixing is guaranteed by the direct reflection of the S2L-conserved mass term of νe(νµ + ντ ).
The charged-lepton interactions, which spoil the S2L-conservation, induce their deviations characterized by sinα 6= 0,
whose ranges are constrained by sinα <∼ 0.1. Since the essence in our discussions lies in the presence of the S2L
permutation symmetry, we hope that one of the characteristic features behind in the neutrino oscillations is the
appearance of this symmetry.
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TABLE I: Particle contents with SL2, Z4, L and Le quantum numbers for leptons and Higgs scalars, where S2L =
+(−) denotes symmetric (antisymmetric) states.
TABLE II: S2L, Z4, L and Le quantum numbers of the possible Yukawa interactions.
TABLE III: S2L, Z4, L and Le quantum numbers for Higgs interaction relevant for the radiatively induced neutrino
masses (except for ηηscsc).
TABLE IV: Fixed model parameters, where masses are given in the unit of vweak = (2
√
2GF )
−1/2 = 174 GeV and
e stands for the electromagnetic coupling.
Figure Captions
FIG.1: Divergent two-loop diagram for νeL-ν
e
L.
FIG.2: Charged lepton mediated one-loop diagrams.
FIG.3: Heavy lepton mediated one-loop diagrams.
FIG.4: Suppressed one- and two-loop diagrams.
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FIG.5: Corrected atmospheric and solar neutrino mixing angles sin2 2θatm(≡ sin2 2θnew12 ) with θnew23 = θ23 + ξ23 for
“atm” and similary for sin2 2θ⊙(≡ sin2 2θnew12 ) for “solar”.
FIG.6: Charged and heavy lepton contributions to the radiative masses for νe-νµ and νe-ντ .
FIG.7: Heavy lepton masses.
FIG.8: Tree level and radiatively induced neutrino masses.
FIG.9: Corrections of ξ12,23 compared with the mixing angles of θ12,23.
FIG.10: Same as in FIG.6 but for the radiative masses for νe-νµ and νe-ντ measured in Ue3.
FIG.11: α-dependence of Ue3.
FIG.12: Neutrino mass eigenvalues.
FIG.13: Squared mass differences for atmospheric and solar neutrino oscillations.
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TABLE I: Particle contents with S2L, Z4, L and Le quantum numbers for leptons and Higgs scalars, where S2L = +(−) denotes
symmetric (antisymmetric) states.
ψeL, eR ψ
+
L ψ
−
L µR, τR κ
e
R κ
+
R κ
−
R η η
′ ρ ρ′ χ s
S2L + + − + + + − + − + − + +
Z4 −i 1 i 1 1 i −1 i −i 1 i −i −1
L 1 1 1 1 1 1 1 0 −2 0 0 0 −2
2Le 2 0 0 0 2 0 0 0 0 0 0 0 0
TABLE II: S2L, Z4, L and Le quantum numbers of the possible Yukawa interactions.
(ψeL)
cηψ+L (ψ
e
L)
cηψ−L (ψ
+
L )
cηψ−L (ψ
e
L)
cη′ψ+L (ψ
e
L)
cη′ψ−L (ψ
+
L )
cη′ψ−L
S2L + − − + + +
Z4 1 i −1 −1 −i 1
L 2 2 2 0 0 0
2Le 2 2 0 2 2 0
ψeLρeR ψ
e
LρµR ψ
e
LρτR ψ
+
L ρµR ψ
+
LρτR ψ
−
L ρµR ψ
−
LρτR
S2L + + + + + − −
Z4 1 i i 1 1 −i −i
L 0 0 0 0 0 0 0
2Le 0 −2 −2 0 0 0 0
ψeLρ
′eR ψeLρ
′µR ψeLρ
′τR ψ
+
Lρ
′µR ψ
+
Lρ
′τR ψ
−
L ρ
′µR ψ
−
L ρ
′τR
S2L − − − − − + +
Z4 i −1 −1 i i 1 1
L 0 0 0 0 0 0 0
2Le 0 −2 −2 0 0 0 0
ψeLχκ
e
R ψ
e
Lχκ
+
R ψ
e
Lχκ
−
R ψ
+
Lχκ
+
R ψ
−
Lχκ
−
R ψ
+
Lχκ
−
R ψ
−
Lχκ
+
R
S2L + + − + + − −
Z4 1 i −1 1 1 i −i
L 0 0 0 0 0 0 0
2Le 0 −2 −2 0 0 0 0
(ψeL)
csψeL (ψ
e
L)
csψ+L (ψ
e
L)
csψ−L (ψ
+
L )
csψ+L (ψ
−
L )
csψ−L (ψ
+
L )
csψ−L
S2L + + − + + −
Z4 1 i −1 −1 1 1
L 0 0 0 0 0 0
2Le 4 2 2 0 0 0
TABLE III: S2L, Z4, L and Le quantum numbers for Higgs interaction relevant for the radiatve induced neutrino masses
(except ηηscsc).
ηsη η′sη′ (η†ρ′)(η′†χ) (η′†ρ′)(η†χ) (χ†η)(η†χ) (η′†χ)(χ†η′) ηηscsc
S2L + + + + + + +
Z4 1 1 1 1 1 1 −1
L −2 −6 2 2 0 0 0
2Le 0 0 0 0 0 0 0
TABLE IV: Various parameters used to derive neutrino mixings, where masses (v’s, m’s and µ’s) are given in the unit of
vweak = (2
√
2GF )
−1/2 = 174 GeV and e stands for the electromagnetic coupling.
vη,η′ vρ,ρ′ vχ mη,η′,ρ,ρ′ mχ ms, µ1,2 gs feℓ fµτ λ3,4
1/20 1/
√
2 10 1 10 4.6× 109 e 1.0× 10−8 0.5× 10−8 0.3
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FIG. 1: Divergent two-loop diagram for νeL-ν
e
L.
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FIG. 2: Charged lepton mediated one-loop diagrams.
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FIG. 3: Heavy lepton mediated one-loop diagrams.
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FIG. 4: Suppressed one- and two-loop diagrams
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FIG. 5: Corrected atmospheric and solar neutrino mixing angles sin2 2θatm(≡ sin2 2θnew12 ) with θnew23 = θ23 + ξ23 for “atm” and
similary for sin2 2θ⊙(≡ sin2 2θnew12 ) for “solar”.
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FIG. 6: Charged and heavy lepton contributions to the radiative masses for νe-νµ and νe-ντ .
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FIG. 7: Heavy lepton masses.
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FIG. 8: Tree level and radiatively induced neutrino masses.
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FIG. 9: Corrections of ξ12,23 compared with the mixing angles of θ12,23 in the unit of pi.
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FIG. 10: Same as in FIG.6 but for the radiative masses for νe-νµ and νe-ντs measured in Ue3.
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FIG. 11: α-dependence of Ue3.
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FIG. 12: Neutrino mass eigenvalues.
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FIG. 13: Squared mass differences for atmospheric and solar neutrino oscillations.
